An initial value problem with piecewise constant coecients is considered. The accuracies for both nite dierence methods and the pseudospectral method are analyzed, and a modication of the initial value problem is suggested. The modied problem is shown to have the same temporal period as the original problem does, and a second order accuracy is obtained for the pseudospectral method at integral multiples of the temporal period.
Introduction
The pseudospectral method is very powerful for periodic initial value problems with constant coecients. Well known results include its convergence at a spectral rate, [2, 3 , 4 , 8 , 9 ] . This is largely because the eigenfunctions for the pseudospectral method are exactly those of fourier modes. Hence, the error for the pseudospectral method is not bigger than the truncated error of the initial value. For equations with jump coecients, however, the pseudospectral method is far from being clear, even for one dimensional case, [1, 4 , 5 , 6 , 7 ] . F or such a problem, a large number of fourier eigenmodes to well represent all the eigenfunctions of the problem is needed in order to maintain a fast convergence rate, [3, 4] .
The purpose of this paper is to compare the pseudospectral method with nite dierence methods. For this, we will focus on an one dimensional periodic boundary wave equation, with a specic initial condition. The coecient of the problem is assumed to be a piecewise constant function. We study the accuracies both for nite dierence methods and the pseudospectral method using eigenfunction analysis. Our approach is to determine how many fourier eigenmodes are needed to well represent the initial condition with a given accuracy, and to analyze the accuracies of these eigenmodes. For nite dierence methods, local truncation error analysis is used to obtain a global error estimate. For the pseudospectral method, the error estimate is generated by n umerical computations. Since the coecient is discontinuous, with an arbitrary discretization in the spatial domain, the accuracies of numerical methods may be aected by the values around the discontinuous positions. For the case in which the discontinuous points align with grid points, the harmonic values of the adjacent points are suggested for the coecient at these discontinuous points. Under this construction, nite dierence schemes give us an accuracy with order O(h p h) i n l 2 norm and O(h) i n l 1 norm. In general, we do not know the exact locations of the discontinuous points. Both nite dierence methods and the pseudospectral method give u s a n approximation with a shift. First order accuracy is always what we can expect, [1] . To improve this accuracy, w e suggest a modied problem by truncating the fourier expansion of the inverse of the coecient. This modied problem retains the same temporal period as the original one. It turns out that the pseudospectral method still has O(h) accuracy in l 1 norm, but O(h p h) i n l 2 norm. Moreover, at integral multiples of the temporal period, the pseudospectral method always has O(h 2 ) accuracy in l 1 norm.
The rest of the paper is organized as follows: our model problem is presented in section 2. In section 3, Numerical schemes are introduced. 
Analytic Solution
Denote the kth (k 2 Z) eigenfunction of (2.1) by k , which satises the periodic boundary condition. Then,
Thus, The sequence f k (x)g forms an orthogonal base with the weighing function 1 ax in the domain [ 1; 1] . The solution of (2.1) can thus be expanded in terms of the eigenfunctions as u(x; t)
where c k (k 2 Z) is a constant that is determined by the initial condition (2.3).
Remark. Using the characteristic functions, it can be shown that the analytic solution of equation (2.1) will not be aected by the values of the coecient a(x) at discontinuous points.
Expansion of Initial Condition
Denote the fourier eigenmodes by
(2.6) The initial condition (2.3) can also be expanded in terms of a certain number of the fourier eigenmodes (2.6) within endurance accuracy. < jxj 1, it follows f(x) for some negligibly small number . F rom (2.7), it follows In summary, for the given initial condition (2.3) with the parameter C = 60, the number M of fourier eigenmodes needed to well represent the initial condition (2.3) is 26. The accuracy of the approximation of (2.1) is 1%. Since ' k ( 
The eigenfunctions of (2.9) can be similarly analyzed as before. Denote the kth eigenfunction of (2.9) by k (x). Then, 1
We h a v e
(2.11)
The sequence f k (x)g forms an orthogonal base with the weighing function b(x) in the
(2.12) Theorem 2.2 Assume T is the temporal period o f e quation (2.1). Then, the dierence between the solutions for equations (2.1) and (2.9) is of the following order, u(x; t) v(x; t) = O ( 1 N ) ;fo r t6 =kT; k 2 Z; 0; fo r otherwise:
Proof. Denote the characteristic functions of (2.1) and (2.9) by X(t) and Y (t), respectively.
By integration,
(2.13)
(2.14)
Since b(x) is a positive n umber,
where 2 [X;Y]. When t 6 = kT; k 2 Z, the right hand side of (2.15) is either O(h) o r zero. Therefore, given an initial condition, the dierence between the solutions for (2.1) and (2.9) is of an order at most equal to O( 1 N ). Remark. The modied problem (2.9) has the same temporal period as that of the original problem (2.1). If a same initial condition is used, the approximate solution of (2.1) by the pseudospectral method through the modied problem (2.9) has a second order accuracy when time t equals any i n tegral multiple of the temporal period. (See discussion in Section 4.3. 1) 3 Numerical Scheme Divide the domain [ 1; 1] with equal step size h by grid points fx j g, and denote by u j the approximation of the solution of equation (2.1) at x j for j = 0 ; 1 ; ; N . Since the coecient in the equation is strictly positive, nite dierence methods and the pseudospectral method are stable, [7] . In this section, we add dissipations both to nite dierence methods and to the pseudospectral method, in order to reduce the high frequency modes caused by the discontinuity of the coecient.
Finite Dierence Methods
The discretized equation of (2.1) for the nite dierence method is du j dt = a(x j )Q p u j ; j = 0 ; 1 ; ; N 1 
Pseudospectral Method
To apply the pseudospectral method to (2.1), we need rst to determine a trigonometric polynomial in such a w a y that equation (2.1) holds true at all the grid points. Let U denote the vector with components u j ; j= 0 ; ; N 1. Then, under the pseudospectral method dU dt = ASU: Proof. Since
we h a v e
Simple calculation using Taylor expansion shows
for a continuous point x j of a(x), and for x j = Remark. If the discontinuous points align with grid points, we m a y take the harmonic average values at those points. In so doing, the global truncation error can be improved to be O(h p h) i n l 2 norm for the rst few eigenfunctions with respect to the smallest eigenvalues. If the discontinuous points do not align with grid points, assigning the harmonic average values at those points is not possible. By taking the exact point v alues, the global truncation error we can obtain is in general O(h). However, either one of them would give us an accuracy O(h) i n l 1 norm.
The order of numerical methods are usually determined by the number of eigenfunctions of the methods that can well approximate those of analytic ones. In our case, since we can explicitly write all the operators of the numerical methods, we are able to evaluate all the corresponding eigenpairs.
Eigenvalues
To compare the positive eigenvalues of the analytic problem, nite dierence methods and the pseudospectral method, note rst for the analytic eigenvalues, k = 2 k=3: By taking grid points N = 32 and N = 64, the eigenvalues are calculated and presented in Table 10 and Table 11 . Throughout the rest of the paper, the notation \PS" stands for the pseudospectral method, \PS-mod" denotes the pseudospectral method with the coecient b(x). \FD2", , \FD12" denotes 2nd to 12th order nite dierence method, respectively. The values in the tables are divided by 2 =3. The values at discontinuous points for coecient a(x) are as in (5.27). From the comparison of eigenvalues, the pseudospectral method is not better than nite dierence methods. And the higher order nite dierence method is no longer superior to lower order ones either. It is evident that the lower number eigenvalues of PS-mod are much closer to the analytic ones than those of nite dierence methods and PS. In the asymptotic region when the number of eigenvalues increases, there is virtually no dierence among these methods. An implication is that when the number of grid points is not too big, PS-mod is presumably much superior to the other methods. However, as the number of the grid points increases, the accuracies of all the methods is seemingly the same. Remark. In Table 10 and Table 11 , we arrange the eigenvalues with respect to the frequencies of the corresponding eigenfunctions. In the columns corresponding to the analytic and pseudospectral methods, the number of the eigenvalues increases with the frequencies of the corresponding eigenfunctions. For the nite dierence methods, the case is totally dierent. To illustrate this in more detail, consider an arbitrary fourier eigenmode, denoted When the frequency parameter ! goes from 0 to =h, the eigenvalues of the nite dierence method behave exactly as a sin function, while the ones for the analytic and pseudospectral behave as a straight line.
Eigenvector 4.3.1 First Eigenvector
By numerical experiments for equation (2.1) with a discontinuous coecient, either nite dierence methods or the pseudospectral method would gives us an accuracy of O(h) i n l 1 norm. We demonstrate this by comparing the l 2 and l 1 norms of the dierence of the rst eigenfunction approximation for (2.1), using both 8th order nite dierence method and the pseudospectral method in Table 1, Table 2 and Table 3 . The values of the coecient at discontinuous points in Table 1, Table 2 and Table 3 are as in (5.26), (5.27) and (5.28) respectively (see section 5). In all these tables, we get O(h) accuracy in l 1 norm. This is also true in l 2 norm in Table 1 and Table 2 . In Table 3 where we take the harmonic values at the discontinuous points and consider the pseudospectral method for the modied problem (2.9), the error in l 2 norm is increased from O(h) t o O ( h p h ). But, the pseudospectral method for the modied problem still gives us O(h) accuracy in l 1 norm, due to the dierence between the two analytic solutions in (2.1) and (2.9). If we only consider the accuracy of the approximation for (2.9) (instead of (2.1)), we can get O(h 2 ) both in l 2 and l 1 norms (see Table 4 ), which is determined by the construction of b(x) for a(x). 
Comparison of Other Eigenvectors
We n o w compare other eigenfunctions of nite dierence methods and the pseudospectral method with the analytic ones. To do so, we take N equal to 64, and the values at discontinuous points to be (5.27). The k-th eigenfunction corresponds to the k-th eigenvalue, for k = N=2; ; N = 2 1. We dene the kth eigenfunction of the numerical methods by checking if its corresponding eigenvalue is the closest one to the kth analytic eigenvalue.
As we can see in Figures 1 to 4 , the pseudospectral method gives a good representation of the analytic eigenfunctions for large eigenvalues.
Numerical Tests
In this section approximation for equation ( The errors in l 2 and l 1 norms of the pseudospectral method, 2nd to 12th order nite dierence methods and Fourier Garlerkin methods are compared after 3 analytic temporal period.
Jumps Not Aligning With Grid Points
When the jumps do not align with grid points, directly taking the values of the coecient at the grid points usually gives an accuracy of O(h). To see this, we assign values of the coecient a(x) at discontinuous points to be as follows a(x) = 0 : 5 ; x j = 0 : 5 1 ; x j = 0 : 5 :
The error of the approximation is presented in Table 5 and Fourier Garlerkin method, denoted by \Garlerkin", is also tested.
As shown in Table 5 , the accuracy under these values of the coecient is again O(h)
for the nite dierence methods and for the Fourier Garlerkin method as well. For the pseudospectral method, the accuracy is almost O(h 2 ) which is certainly faster than other methods. The reason that the pseudospectral method works well here is because the exact speed happens to be at discontinuous points. Table 6 the schemes. Again, we get a similar phenomenon. In Table 7 , we test the pseudospectral method by taking the following values for the coecient at discontinuous points, a(x) = 1 ; x j = 0 : 5 ;
1 ; x j = 0 : 5 :
(5.27)
The usual accuracy O(h) for the pseudospectral method holds under these new values of the coecient.
Jumps Aligning With Grid Points
Consider now the case where the discontinuous points align with grid points. For this case we are able to assign the values of a(x) at the discontinuous points to be the harmonic average. That is, a(x) = 2 = 3 ; x = 0 : 5 2 = 3 ; x = 0 : 5 : 
, and the accuracy for the pseudospectral method is even better. This happens partially because of the specic structure of the coecient and initial condition. We should also note that some cancellations caused by the symmetric data occur here. Table 7 : t = 0 : 01h, = 0, nal time equals 9.
Pseudospectral Method With Coecient bx
Under the pseudospectral method with coecient b(x), the accuracy is improved from O(h) to O(h 2 ) a s s h o wn in Table 9 . The approximation for (2.9) is calculated after 3 analytic temporal period. There is no dierence between the analytic solutions of (2.1) and (2. 9 
